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Let X be a smooth, complete toric variety. Let A1(X) be the group of alge-
braic 1-cycles on X modulo numerical equivalence and N1(X) = A1(X)⊗Z
Q . Consider in N1(X) the cone NE(X) generated by classes of curves on
X. It is a well-known result due to M. Reid [13] that NE(X) is closed,
polyhedral and generated by classes of invariant curves on X. The variety
X is projective if and only if NE(X) is strictly convex; in this case, a 1-
dimensional face of NE(X) is called an extremal ray. It is shown in [13] that
every extremal ray admits a contraction to a projective toric variety.
We think of A1(X) as a lattice in the Q -vector space N1(X). Suppose
that X is projective. For every extremal ray R ⊂ NE(X), we choose the
primitive class in R ∩ A1(X); we call this class an extremal class. The
set E of extremal classes is a generating set for the cone NE(X), namely
NE(X) =
∑
γ∈E Q≥0 γ. For many purposes it would be useful to have a
linear decomposition with integral coefficients: for instance, what can we
say about curves having minimal degree with respect to some ample line
bundle on X? It is an open question whether extremal classes generate
NE(X) ∩ A1(X) as a semigroup. In this paper we introduce a set C ⊇ E of
classes in NE(X)∩A1(X) which is a set of generators of NE(X)∩A1(X) as a
semigroup. Classes in C are geometrically characterized by “contractibility”:
Definition 2.3. Let γ ∈ NE(X)∩A1(X) be primitive along A1(X)∩Q≥0 γ
and such that there exists some irreducible curve inX having numerical class
in Q≥0 γ. We say that γ is contractible if there exist a toric variety Xγ and
an equivariant morphism ϕγ : X → Xγ , with connected fibers, such that for
every irreducible curve C in X, ϕγ(C) = {pt} if and only if [C] ∈ Q≥0γ.
This definition does not need the projectivity of X. We give a com-
binatorial characterization of contractibility in terms of the fan of X, and
we show that a class γ is contractible if and only if every irreducible in-
variant curve in the class is extremal in every irreducible invariant surface
containing it (theorem 2.2). In the projective case, this property is false
for extremal classes: it can happen that every invariant curve in a class
is extremal in every invariant subvariety containing it, but the class is not
extremal in X (see example on page 7).
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When X is projective, all extremal classes are contractible, and a con-
tractible class γ is extremal if and only if Xγ is projective. Hence, con-
tractible non-extremal classes correspond to birational contractions to non-
projective toric varieties (corollary 3.3). Moreover, we show that a class
γ ∈ NE(X) is contractible if and only if it is extremal in the subvariety A
given by the intersection of all irreducible invariant divisors having negative
intersection with γ.
As mentioned above, the main result of the paper is that when X is
projective, contractible classes span A1(X) ∩ NE(X) as a semigroup (the-
orem 4.1), namely every class in A1(X) ∩ NE(X) decomposes as a linear
combination with positive integral coefficients of contractible classes. In the
non-projective case, the situation is very different: if C is the set of con-
tractible classes, in general
∑
γ∈C Q≥0 γ $ NE(X) (see remark on page 17).
As an application of theorem 4.1, we show that when X is projective,
every curve having minimal degree with respect to some ample line bundle
is extremal (proposition 4.3).
This paper is about toric varieties. In the non-toric case, the situation
is much more complicated; an account can be found in J. Kolla´r’s survey
paper [10]. Briefly, if X is a smooth projective variety and f : X → Y a
morphism with connected fibers, there are essentially two reasons for which
Y can be non-projective: either f contracts a subcone of NE(X) which is
not a face, or f contracts a proper subset of some numerical class. In both
cases, this gives an effective 1-cycle in Y which is homologous to zero. In the
toric case, we show that at least when f is elementary, namely ρX −ρY = 1,
the second case cannot happen (lemma 2.6), essentially because numerical
equivalence on X implies numerical equivalence on invariant subvarieties
(see the remark on page 9). In [10], section 4, J. Kolla´r introduces the
notion of “seemingly extremal ray” in a smooth proper algebraic space, in
order to generalize the notion of (Mori) extremal ray. Lemma 2.6 easily
implies that in a smooth complete toric variety, contractible classes defined
in this paper coincide with seemingly extremal rays that are contractible as
defined in [10].
The basic tools that we use are the language of primitive collections and
primitive relations, introduced by V. V. Batyrev ([2, 3], see also [14]), and
toric Mori theory (M. Reid [13]). Actually the combinatorial characteri-
zation of contractibility, in terms of the geometry of the fan, is implicitly
present already in [13].
The structure of the paper is as follows: in section 1 we briefly recall
the definition and properties of primitive collections, and their link with
toric Mori theory. In section 2 we define contractible classes giving three
equivalent conditions. In section 3 we compare contractible and extremal
classes whenX is projective. In section 4 we show that whenX is projective,
contractible classes span A1(X)∩NE(X) as a semigroup. Finally, in section
5, we study how contractible classes vary under blow-up and blow-down,
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give some examples and show that if X becomes projective after a single
smooth equivariant blow-up, then primitive relations span A1(X) ∩NE(X)
as a semigroup.
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1. Preliminaries
For all the standard results in toric geometry, we refer to the books of
W. Fulton [7] and T. Oda [12].
Let X be an n-dimensional toric variety: X is described by a finite fan
ΣX in the vector space NQ = N ⊗Z Q, where N is a free abelian group of
rank n.
We’ll always assume X smooth and complete, hence the support of ΣX
is the whole space NQ and every cone in ΣX is generated by a part of a basis
of N . However some of the results that we cite here hold more generally for
a Q-factorial complete toric variety, as proposition 1.3 and Reid’s results on
toric Mori theory [13].
If x1, . . . , xr ∈ N , we will denote by 〈x1, . . . , xr〉 the cone inNQ generated
by x1, . . . , xr, namely:
〈x1, . . . , xr〉 = {
r∑
i=1
λixi |λi ∈ Q≥0 for all i = 1, . . . , r }.
If σ ∈ ΣX , we will always choose as a set of generators for σ a part of a
basis of N .
We remember that for each r = 0, . . . , n there is a bijection between
the cones of dimension r in ΣX and the orbits of codimension r in X;
we’ll denote by V (σ) the closure of the orbit corresponding to σ ∈ ΣX and
V (x) = V (〈x〉) in case of 1-dimensional cones. In what follows, we will refer
to the subvarieties V (σ) as invariant subvarieties.
For each 1-dimensional cone ρ ∈ ΣX , let vρ ∈ ρ ∩ N be its primitive
generator, and
G(ΣX) = {vρ|ρ ∈ ΣX}
the set of all generators in ΣX .
Definition 1.1. [V. V. Batyrev [2]] A subset {x1, . . . , xh} ⊆ G(ΣX) is a
primitive collection for ΣX if 〈x1, . . . , xh〉 /∈ ΣX , but 〈x1, . . , xˇi, . . , xh〉 ∈ ΣX
for each i = 1, . . . , h.
We denote by PC(ΣX) the set of all primitive collections for ΣX .
Let σ ∈ ΣX . We denote by Rel Int σ the relative interior of σ, namely
the interior of σ in its linear span in NQ.
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Definition 1.2. Let P = {x1, . . . , xh} ⊆ G(ΣX) be a primitive collection.
Since X is complete, the point x1 + · · · + xh is contained in some cone of
ΣX ; let σP = 〈y1, . . . , yk〉 be the unique cone in ΣX such that
x1 + · · ·+ xh ∈ Rel Int σP .
Then we get a linear relation
x1 + · · · + xh − (a1y1 + · · · + akyk) = 0
with ai a positive integer for each i = 1, . . . , k. We call this relation the
primitive relation associated to P .
The degree of P is the integer degP = h− a1 − · · · − ak.
The set of the primitive collections of a fan completely describes the fan:
an n-uple {x1, . . . , xn} ⊆ G(ΣX) generates a cone in the fan if and only if it
doesn’t contain a primitive collection.
Let A1(X) be the group of algebraic 1-cycles on X modulo numerical
equivalence and N1(X) = A1(X)⊗Z Q. We recall the well-known result:
Proposition 1.3. The group A1(X) is canonically isomorphic to the lattice
of integral relations among the elements of G(ΣX). A relation∑
x∈G(ΣX)
axx = 0, ax ∈ Z,
corresponds to a 1-cycle that has intersection ax with V (x) for all x ∈
G(ΣX).
Hence, for every primitive collection P ∈ PC(ΣX), the associated primi-
tive relation defines a class r(P ) ∈ A1(X). Since the canonical class on X is
given by KX = −
∑
x∈G(ΣX)
V (x), for every primitive collection P we have
−KX · r(P ) = degP.
Notation: we will often write primitive relations as
x1 + · · ·+ xh = a1y1 + · · ·+ akyk
instead of x1 + · · · + xh − (a1y1 + · · · + akyk) = 0, i. e. writing elements
with negative coefficient on the right side. This must not be confused with
the relation −(x1 + · · ·+ xh) + a1y1 + · · ·+ akyk = 0, which is the opposite
element in A1(X).
Terminology: by “curve” we always mean an irreducible and reduced curve
in X.
Let NE(X) ⊂ N1(X) the cone of Mori, generated by classes of effective
curves. It is a result of M. Reid [13] that this cone is closed and polyhedral,
generated by classes of invariant curves. The following simple lemma assures
that primitive relations actually lie in NE(X):
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Lemma 1.4. Let γ ∈ A1(X) given by the relation
a1x1 + · · ·+ ahxh − (b1y1 + · · ·+ bkyk) = 0
with ai, bj ∈ Z>0 for each i, j. If 〈y1, . . . , yk〉 ∈ ΣX , then γ ∈ NE(X).
Proof. We have to show that γ ·D ≥ 0 for every invariant nef divisor D on
X. All such divisors have the form
Dϕ = −
∑
x∈G(X)
ϕ(x)V (x),
where ϕ : NQ → Q is an upper convex support function, i. e. it is linear on
each cone of ΣX , ϕ(N) ⊆ Z and ϕ(u+ v) ≥ ϕ(u) +ϕ(v) for each u, v ∈ NQ.
Therefore
Dϕ · γ = −(a1ϕ(x1) + · · ·+ ahϕ(xh)) + b1ϕ(y1) + · · · + bkϕ(yk)
= −(ϕ(a1x1) + · · ·+ ϕ(ahxh)) + ϕ(b1y1 + · · ·+ bkyk)
= −(ϕ(a1x1) + · · ·+ ϕ(ahxh)) + ϕ(a1x1 + · · · + ahxh) ≥ 0.
Remark: a primitive relation does not need to be the numerical class of an
invariant curve C, and the numerical class of an invariant curve C does not
need to be a primitive relation. Here is an example in dimension 3:
x y
z
w
v x y
z
w
u
These are plane sections of two three-dimensional cones 〈x, y, z〉; in every
point corresponding to a ray we indicate the generator of the ray. We sup-
pose that {x, y, z} is a basis of the lattice and that w = x+ y+ z, v = x+ y,
u = x+ y + 2z. On the left figure we have a curve V (〈z, w〉) whose relation
x + y + z = w is not a primitive relation; on the right we have a primitive
collection {x, y, z} whose primitive relation x+ y + z = w is not associated
to any invariant curve.
Remark: let γ be a primitive relation:
x1 + · · · + xh = a1y1 + · · · + akyk.
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Then, if there are invariant curves having numerical class γ, they are neces-
sarily contained in V (〈y1, . . . , yk〉) = V (y1) ∩ · · · ∩ V (yk).
By Kleiman’s criterion of ampleness [9], we know that X is projective if
and only if NE(X) is strictly convex. In this case, its one-dimensional faces
are called extremal rays. We stress the fact that here extremal only refers
to the geometry of the cone NE(X); differently from Mori’s extremal rays,
we do not require negative intersection with KX . With the following result,
M. Reid gives a precise description of the geometry of the fan around a cone
corresponding to a curve whose numerical class lies in an extremal ray:
Theorem 1.5 (M. Reid [13], theorem 2.4). Let X be projective, R an
extremal ray of NE(X) and γ ∈ R ∩ A1(X) primitive along the ray. Then
there exists a primitive collection P = {x1, . . . , xh} such that γ = r(P ):
γ : x1 + · · ·+ xh = a1y1 + · · ·+ akyk.
Moreover, for every ν = 〈z1, . . . , zt〉 such that {z1, . . , zt}∩{x1, . . , xh, y1, . . , yk} =
∅ and 〈y1, . . , yk〉+ ν ∈ ΣX , we have
〈x1, . . , xˇi, . . , xh, y1, . . , yk〉+ ν ∈ ΣX for all i = 1, . . . , h.
Remark: suppose that γ ∈ NE(X) is either the class of an invariant curve,
or a primitive relation. Then, in both cases, γ is primitive in A1(X)∩Q≥0γ.
This is because in both cases the relation has some coefficients equal to 1. In
particular, when R is an extremal ray of NE(X), there are a unique class of
an invariant curve and a unique primitive relation contained in R, and they
both coincide with the primitive element of R∩A1(X). To avoid confusion,
we will call extremal class (or extremal curve) only such a primitive class.
As a consequence of theorem 1.5, we have an important description of
the cone of effective curves for projective toric varieties:
Proposition 1.6 (V. V. Batyrev [2]). Suppose that X is projective. Then
the cone of effective curves NE(X) is generated by primitive relations.
Remark: if X is non-projective, we just have by lemma 1.4∑
P∈PC(ΣX )
Q≥0r(P ) ⊆ NE(X).
We do not know if equality still holds. Corollary 5.6 tells us that equality
holds if X becomes projective after a single smooth equivariant blow-up.
2. Contractible classes
We recall that X is an n-dimensional, smooth, complete toric variety.
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By a smooth equivariant blow-up, we mean the blow-up of a smooth
toric variety along a smooth, invariant subvariety. The resulting variety is
a smooth toric variety.
Let f : X → Y be a smooth equivariant blow-up along V (τ) ⊂ Y , with
τ = 〈x1, . . . , xh〉. Then P = {x1, . . . , xh} is a primitive collection in ΣX ,
with relation
r(P ) : x1 + · · · + xh = x.
V (x) is the exceptional divisor in X, and r(P ) is the class of a P1 contained
in a fiber of f . We remark that f contracts all irreducible curves in X whose
numerical class is a multiple of r(P ). In general, if X is a non-toric smooth
complex algebraic variety, f could contract only a proper subset of all the
irreducible curves having numerical class in Q≥0r(P ); anyway, in such a
case Y would not be algebraic (see [5] 1.3, [10] 4.1.3, [8] § 3 in Appendix B
and lemma 2.6 in this paper).
The class r(P ) is not necessarily extremal in NE(X):
Proposition 2.1 (L. Bonavero [4]). Suppose that X is projective. Then
r(P ) is extremal in NE(X) if and only if Y is projective.
We remark that even if r(P ) is not extremal, it is “contractible” in the
sense that there exists a morphism f : X → Y such that for any irreducible
curve C ⊂ X, f(C) is a point if and only if [C] ∈ Q≥0r(P ).
We want to give an example of this behaviour. Let Y be the only com-
plete non projective toric 3-fold with Picard number 4 (see [12], page 85, and
also [4]). The fan of Y is on the left side of the figure (it is projected onto the
face 〈e1, e2, e3〉). The set {e1, e2, e3} is a basis of the lattice, e0 = −e1−e2−e3
and fi = e0 + ei for i = 1, 2, 3.
ΣY
e
ee
e
f
f
3
2 1
1
3
02f
ΣX e e
e
f
f
e
x
2 1
3
3
1
0f2
Let X be the blow-up of Y along the curve V (〈f1, e2〉). The fan of X is on
the right side of the figure. The set {f1, e2} becomes a primitive collection
in ΣX , with relation f1+ e2 = x. Let γ ∈ NE(X) be the class corresponding
to this relation. It is easy to see that X is projective: it is obtained from P3
by 4 smooth equivariant blow-ups. By proposition 2.1, γ is not extremal in
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NE(X), otherwise Y would be projective. The variety X has Picard number
5, and its extremal classes are given by the primitive relations:
ω1 : e1 + f2 = x
ω2 : f1 + e3 = e1 + f3
ω3 : e2 + f3 = f2 + e3
ω4 : e0 + x = f1 + f2
ω5 : f1 + f2 + f3 = 2e0.
NE(X) is a simplicial cone in a 5-dimensional vector space, and γ = ω1 +
ω2 + ω3. The invariant curves in X having class γ are C1 = V (〈e1, x〉) =
V (e1) ∩ V (x) and C2 = V (〈f2, x〉) = V (f2) ∩ V (x). Let’s consider the
irreducible invariant surfaces containing C1 or C2. The surface V (x) is
P1×P1 and C1, C2 in V (x) are the invariant fibers of one of the two fibrations
on P1. The surface V (e1) is P2 blown-up in two points, and C1 is one of
the exceptional curves. The surface V (f2) is obtained from P2 blown-up in
two points, blowing-up a fixed point lying on one exceptional curve E; in
V (f2) the curve C2 is the strict transform of E and it has self-intersection
−2, hence it is extremal. Thus we see that even if γ is not extremal in X, C1
and C2 are extremal in both irreducible invariant surfaces containing them.
We are going to define a class of elements in NE(X) with properties
similar to those of γ.
Theorem 2.2. Let X be a smooth, complete toric variety and let γ ∈
A1(X) ∩NE(X). Then the following conditions are equivalent:
(i) γ is the class of some invariant curve in X, and every invariant curve
having class γ is extremal in every irreducible invariant surface containing
it.
(ii) γ is a primitive relation of the form
x1 + · · ·+ xh = a1y1 + · · ·+ akyk
and for every ν = 〈z1, . . , zt〉 ∈ ΣX such that {z1, . . , zt}∩{x1, . . , xh, y1, . . , yk} =
∅ and 〈y1, . . . , yk〉+ ν ∈ ΣX , then
〈x1, . . , xˇi, . . , xh, y1, . . , yk〉+ ν ∈ ΣX for all i = 1, . . . , h.
(iii) γ is primitive in A1(X) ∩ Q≥0γ, there exists some irreducible curve
having numerical class in Q≥0γ, and there exist a toric variety Xγ and an
equivariant morphism ϕγ : X → Xγ , with connected fibers, such that for
every irreducible curve C ⊂ X
ϕγ(C) = {pt} ⇐⇒ [C] ∈ Q≥0γ.
Definition 2.3. We say that γ is contractible if one of the equivalent con-
ditions of theorem 2.2 is satisfied.
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Remarks:
• when X is projective, by Reid’s theorem 1.5, an extremal class is always
contractible.
• We recall that all complete smooth toric surfaces are projective. For
surfaces, the notions of contractible class and extremal class coincide.
• As we saw in the preceeding example, if X is projective, a class can be
extremal in all irreducible invariant hypersurfaces containing some invariant
curve of the class, without being extremal.
• If V ⊂ X is an irreducible invariant subvariety, then the natural map
PicX → PicV induced by restriction of divisors is surjective, hence we have
an inclusion N1(V ) ⊆ N1(X). In other words, if two curves C1, C2 ⊂ V are
numerically equivalent in X, then the same holds in V . Thus, if ϕγ is a
morphism as in (iii), then there are two possibilities:
a. V does not contain any irreducible curve having numerical class γ, hence
ϕγ |V : V → ϕγ(V ) is an isomorphism;
b. γ defines a class in NE(V ) and ϕγ |V : V → ϕγ(V ) is the contraction of
this class.
This is a fundamental property which does not hold for general (non-toric)
varieties.
The proof of the two implications (i) ⇒ (ii) and (ii) ⇒ (iii) of theo-
rem 2.2 is based on Reid’s proof of theorem 2.4 in [13]; looking carefully
at Reid’s construction, it actually turns out that to get the existence of a
morphism as in (iii), you just need that invariant curves in the class are
extremal in all invariant surfaces containing them. We also remark that re-
formulations of Reid’s theorem 1.5 in terms of primitive relations are already
present in Batyrev’s and Sato’s work (see [3], section 2.3, and [14], sections
4 and 5).
Proof of theorem 2.2. (i) ⇒ (ii) Let C ⊂ X be an invariant curve having
numerical class γ and let
〈e1, . . . , en−1〉 = 〈e1, . . . , en−1, en〉 ∩ 〈e1, . . . , en−1, en+1〉
be the associated cone. Then the relation associated to [C] is
n−1∑
i=1
aiei + en + en+1 = 0, ai ∈ Z.
For each i = 1, . . . , n − 1 we consider the invariant surface Si correspond-
ing to 〈e1, . . , eˇi, . . , en−1〉. Let Ni be the subgroup of N generated by
e1, . . , eˇi, . . , en−1; we denote by x the image of an element x ∈ N in the
quotient group N/Ni. In ΣSi the curve C corresponds to the ray 〈ei〉 and
has relation aiei + en + en+1 = 0. Since C is extremal in NE(Si), we have:
9
• if i is such that ai > 0, then ai = 1 and Si ≃ P2, so 〈e1, . . , eˇi, . . , en+1〉 ∈
ΣX ;
• if i is such that ai = 0, then Si is a Hirzebruch surface Fa, so there exists
e′i ∈ G(ΣX) such that 〈e1, . . , eˇi, e
′
i, . . , en−1, en〉, 〈e1, . . , eˇi, e
′
i, . . , en−1, en+1〉
are in ΣX .
We reorder e1, . . . , en−1 in such a way that a1, . . . , aq are negative and
ap, . . . , an−1 are positive, with 0 ≤ q < p ≤ n. Then the relation associated
to [C] is
ep + · · · + en+1 = b1e1 + · · ·+ bqeq,
with bi = |ai| for i = 1, . . . , q; moreover, it is a primitive relation.
We remark that if p = q+1, then (ii) is already proved; thus let’s assume
in the sequel p > q + 1.
Let ∆γ ⊂ ΣX be the set of cones ν = 〈zq+1, . . , zp−1〉 such that the cone
〈e1, . . , eq , zq+1, . . , zp−1, ep, . . , eˇi, . . , en+1〉 has dimension n and is in ΣX for
all i = p, . . , n+1. We have just proved that 〈eq+1, . . . , ep−1〉 ∈ ∆γ , thus ∆γ
is non-empty. For each ν = 〈zq+1, . . , zp−1〉 ∈ ∆γ , we get invariant curves
having class γ, corresponding to the cones
〈e1, . . , eq , zq+1, . . , zp−1, ep, . . , eˇi, . . , eˇj , . . , en+1〉, i, j ∈ {p, . . , n + 1}.
Again, looking at the irreducible invariant surfaces containing these curves,
we get that for all l = q + 1, . . , p − 1 there exists z′l ∈ G(ΣX) such that
ν ′l = 〈zq+1, . . , zˇl, z
′
l, . . , zp−1〉 is in ∆γ .
Let U = 〈e1, . . , eq , ep, . . , en+1〉 and P (ν) = U + ν for all ν ∈ ∆γ . Each
P (ν) is a union of n-dimensional cones of ΣX . There are three types of
(n− 1)-dimensional cones of ΣX lying in P (ν):
• the cones of type 〈e1, . . , eˇj , . . , eq , ep, . . , eˇi, . . , en+1〉+ν, with j ∈ {1, . . , q}
and i ∈ {p, . . , n + 1}, which are external faces of P (ν);
• the cones of type 〈e1, . . , eq , ep, . . , eˇi, . . , eˇj , . . , en+1〉+ν, with i, j ∈ {p, . . , n+
1}, which are internal to P (ν), because they are intersection of two n-
dimensional cones in P (ν);
• the cones of type 〈e1, . . , eq , zq+1, . . , zˇj , . . , zp−1, ep, . . , eˇi, . . , en+1〉 with
j ∈ {q + 1, . . , p − 1} and i ∈ {p, . . , n + 1}; these cones are intersection
of two n-dimensional cones, one in P (ν) and one in P (ν ′j), where ν
′
j =
〈zq+1, . . , zˇj , z
′
j , . . , zp−1〉.
Consider now the union V of all P (ν) for ν ∈ ∆γ . We have just
shown that V is a union of n-dimensional cones of ΣX and that its ex-
ternal faces do not contain 〈e1, . . . , eq〉. Hence, if 〈zq+1, . . , zp−1〉 is such that
{zq+1, . . , zp−1} ∩ {e1, . . , eq , ep, . . , en+1} = ∅ and 〈e1, . . , eq , zq+1, . . , zp−1〉 ∈
ΣX , it must be 〈zq+1, . . , zp−1〉 ∈ ∆γ . Hence we have shown that (ii) holds
for γ.
(ii)⇒ (iii) γ is a primitive relation of the form
x1 + · · · + xh = a1y1 + · · · + akyk.
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For ν = {0}, we get 〈x1, . . , xˇi, . . , xh, y1, . . , yk〉 ∈ ΣX for all i = 1, . . . , h.
Let ∆γ ⊂ ΣX be the set of cones ν = 〈z1, . . , zt〉 of dimension t = n−h−
k + 1 such that {z1, . . , zt} ∩ {x1, . . , xh, y1, . . , yk} = ∅ and ν + 〈y1, . . , yk〉 ∈
ΣX . Any n-dimensional cone of ΣX containing 〈y1, . . . , yk〉 must have the
form 〈x1, . . , xˇi, . . , xh, y1, . . , yh, z1, . . , zt〉 for some i ∈ {1, . . , h}, hence ∆γ is
non-empty.
Let ν = 〈z1, . . , zt〉 ∈ ∆γ and fix i ∈ {1, . . , h}, j ∈ {1, . . , t}. The cone
〈x1, . . , xˇi, . . , xh, y1, . . , yk, z1, . . , zˇj , . . , zt〉 has dimension n− 1 and must be
the intersection of two n-dimensional cones in ΣX ; therefore there exists a
z′j ∈ G(ΣX) such that ν
′
j = 〈z1, . . , zˇj , z
′
j , . . , zt〉 ∈ ∆γ .
Set U = 〈x1, . . , xh, y1, . . , yk〉, P (ν) = U + ν for ν ∈ ∆γ and let V be
the union of all P (ν). The same description given in the first part of the
proof holds: distinct P (ν) intersect each other along common faces; V is
a union of n-dimensional cones of ΣX and contains all (n − 1)-dimensional
cones corresponding to invariant curves having numerical class γ.
Suppose that k > 0, i. e. that γ is not numerically effective. Then the
boundary of V is a union of faces in ΣX , none of which contains 〈y1, . . . , yk〉.
The set
ΣXγ = ΣX r {τ ∈ ΣX | dim τ = n− 1, V (τ) has numerical class γ}
is a fan, different from ΣX only inside V; inside V, its n-dimensional cones
are the P (ν), for ν ∈ ∆γ . The fiber over the point V (P (ν)) ∈ Xγ is
V (ν + 〈y1, . . . , yk〉) ≃ Ph−1.
If k = 0, i. e. the class γ is numerically effective, then U is a linear
subspace of NQ, and V is a polyhedral decomposition of NQ. If you remove
from ΣX all (n− 1)-dimensional cones corresponding to curves having class
γ, you get a degenerate fan with vertex U ; then taking the quotient of each
cone by U you get the fan of Xγ .
(iii)⇒ (i) First, we show that the implication is true when dimX = 2. In
this case X is obtained by a finite sequence of blow-ups at fixed points from
P2 or from a Hirzebruch surface Fa (see [12], page 42); in particular, X is
projective. There are only three possibility for ϕγ :
• ϕγ contracts X to a point; then X ≃ P2 and γ is the class of a line;
• ϕγ : X → P1; then X is a Hirzebruch surface Fa and γ is the class of a
fiber;
• ϕγ is birational and its exceptional locus is a curve E with negative
self-intersection; E is the only curve having class γ.
In all three cases, we see that γ is extremal in NE(X).
When dimX > 2, consider an irreducible invariant surface S ⊂ X. If
S contains some curves having class γ, then as remarked on page 9, the
morphism ϕγ |S : S → ϕγ(S) is the contraction of a contractible class in
NE(S); hence this class is extremal in NE(S) and the statement follows.
11
Corollary 2.4. Let X be a complete, smooth toric variety, γ ∈ NE(X) a
contractible class and ϕγ : X → Xγ the associated morphism.
Suppose that γ is numerically effective:
x1 + · · ·+ xh = 0.
Then Xγ is smooth of dimension n− h+ 1 and ϕγ is a Ph−1-bundle.
Suppose that γ is not numerically effective:
x1 + · · · + xh = a1y1 + · · ·+ akyk, k > 0.
Then ϕγ is birational, with exceptional loci A ⊂ X, B ⊂ Xγ given by
A = V (〈y1, . . . , yk〉), B = V (〈x1, . . , xh, y1, . . , yk〉); dimA = n− k, dimB =
n−h−k+1 and ϕγ|A : A→ B is a Ph−1-bundle. Moreover, Xγ is simplicial
if and only if k = 1; it is smooth if and only if k = 1 and a1 = 1, in which
case ϕγ is a smooth equivariant blow-up.
Remark: here with “projective bundle” we mean locally trivial on Zariski
open subsets; hence it is actually the projectivized of some vector bundle on
the base (see [8], 7.10, page 170).
Proof. In the case of γ numerically effective, the fact that ϕγ is a Ph−1-
bundle follows from the combinatorial description in theorem 2.2, (ii), by
standard results of toric geometry (see [6], theorem 6.7 on page 246, or [7],
page 41).
When γ is not numerically effective, the only unclear point in the state-
ment is that ϕγ|A : A → B is a Ph−1-bundle. But this follows from the
preceeding case, because in A we are contracting a numerically effective
class.
The following corollary points out that it is enough to check contractibil-
ity in a suitable subvariety:
Corollary 2.5. Let X be a complete, smooth toric variety and γ ∈ A1(X)∩
NE(X). Let D1, . . . ,Dk be the irreducible invariant divisors in X having
negative intersection with γ and let A = D1∩· · ·∩Dk. Then γ is contractible
in X if and only if it is contractible in A.
Proof. All irreducible curves in γ are contained in A and they are still numer-
ically equivalent in A (see the fourth remark after theorem 2.2, on page 9).
Hence γ actually defines a class in NE(A).
Consider the relation associated to γ in X:
b1x1 + · · · + bhxh − (a1y1 + · · ·+ akyk) = 0 with bi, aj > 0 for all i, j.
Then {D1, . . . ,Dk} = {V (y1), . . . , V (yk)} and A = V (〈y1, . . . , yk〉). The
primitive relation associated to γ in A is
b1x1 + · · ·+ bhxh = 0,
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where xi is the image of xi in the quotient group of N by the subgroup
spanned by y1, . . . , yk. Condition (ii) of theorem 2.2 for γ gives the same in
X and in A, hence the statement follows.
The following lemma shows that an equivariant morphism f : X → Y
with connected fibers and such that ρX − ρY = 1, is always of type ϕγ for a
contractible class γ.
Lemma 2.6. Let X be a complete, smooth toric variety, Y a toric variety
and f : X → Y an equivariant morphism with connected fibers. Suppose that
there exists γ ∈ NE(X) ∩A1(X), primitive in A1(X) ∩Q≥0γ, such that for
every irreducible curve C ⊂ X such that f(C) = {pt}, we have [C] ∈ Q≥0γ.
Then γ is contractible and f = ϕγ.
Proof. We have to show that if C ⊂ X is an irreducible curve such that
[C] ∈ Q≥0γ, then f(C) = {pt}.
Let D1, . . . ,Dk be the irreducible invariant divisors in X having negative
intersection with γ and let A = D1 ∩ · · · ∩Dk. Considering the restriction
f|A : A→ f(A), we can suppose that γ is numerically effective and A = X.
Moreover, it is enough to prove the statement for the restriction f|S : S →
f(S) to any irreducible invariant surface S ⊂ X, thus we can suppose
dimX = 2.
Since every curve contracted by f is numerically effective, it must be
dimY < dimX or f isomorphism. If dimY = 0, the statement is clear. If
dimY = 1, we have a fibration f : X → P1, and γ is the class of the generic
fiber. Since f cannot contract any exceptional curve, it must be a toric
P1-bundle: hence γ is extremal in NE(X) and f = ϕγ .
As we already remarked in the introduction and at the beginning of sec-
tion 2, in the non-toric case the statement of lemma 2.6 is false if Y is
non-projective; in fact, it may happen that f : X → Y contracts only a
proper subset of the numerical class γ.
3. Contractible versus extremal in projective varieties
In this section we characterize contractible, non-extremal classes in a projec-
tive toric variety. Moreover, we give a combinatorial criterion for a primitive
relation to be contractible.
For numerically effective classes, the following result is immediate from
corollary 2.4:
Corollary 3.1. Suppose that X is projective and γ ∈ NE(X) is contractible
and numerically effective. Then γ is extremal and Xγ is projective.
Hence, by corollary 2.5, when X is projective a class γ ∈ NE(X) is
contractible if and only if it is extremal in the subvariety A given by the
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intersection of all irreducible invariant divisors having negative intersection
with γ.
For non numerically effective contractible classes we have the following:
Lemma 3.2. Let γ be a contractible class, non numerically effective, and
let ϕγ : X → Xγ be the associated birational morphism.
Then Xγ is projective if and only if X is projective and γ is an extremal
class.
Proof. Suppose Xγ that is projective and let H ∈ PicXγ ample. Then for
every irreducible curve C ⊂ X we have ϕ∗γ(H) · C ≥ 0, and
ϕ∗γ(H) · C = 0 ⇔ ϕγ(C) = {pt} ⇔ [C] ∈ Q≥0γ.
Hence γ generates an extremal ray in NE(X), which also implies that NE(X)
is strictly convex and X is projective.
Viceversa, if X is projective and γ is extremal, it is known that Xγ is
projective.
Corollary 3.3. If X is projective, then contractible non extremal classes in
NE(X) correspond to birational contractions to non projective varieties.
We end this section with a combinatorial criterion for contractibility,
which gives a simple combinatorial algorythm to determine, given all prim-
itive relations in ΣX , which are the contractible ones. It’s remarkable that,
when X is projective, there is no analogous algorythm to determine which
primitive relations are extremal in NE(X).
Proposition 3.4 has been proven by H. Sato ([14], theorem 4.10) for a
primitive relation r(P ) corresponding to a smooth equivariant blow-down;
the same proof holds for general primitive relations.
Proposition 3.4. Let P = {x1, . . . , xh} be a primitive collection in ΣX ,
with primitive relation r(P ) : x1+ · · ·+ xh = a1y1+ · · ·+ akyk. Then r(P )
is contractible if and only if for every primitive collection Q of ΣX such that
Q ∩ P 6= ∅ and Q 6= P , the set (Qr P ) ∪ {y1, . . . , yk} contains a primitive
collection.
In particular, when a primitive relation r(P ) is numerically effective, it
is contractible if and only if P is disjoint from all other primitive collections
of ΣX .
4. A property of NE(X) for X projective
In this section, we prove the
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Theorem 4.1. Let X be a smooth projective toric variety. Then for every
η ∈ A1(X) ∩NE(X) there is a decomposition
η = m1γ1 + · · ·+mrγr
with γi contractible and mi ∈ Z>0 for all i = 1, . . . , r.
We will prove theorem 4.1 by reducing the analysis to invariant surfaces
of X. We remark that, since every curve on X is numerically equivalent to
a linear combination of invariant curves with positive integral coefficients
(see [13], proposition (1.6)), it is enough to prove the theorem for classes of
invariant curves.
In dimension 2, contractible classes coincide with extremal classes, be-
cause all complete toric surfaces are projective. Therefore, theorem 4.1 can
be restated for surfaces as follows:
Proposition 4.2. Let S be a smooth projective toric surface. Then every
class η ∈ A1(S) ∩ NE(S) can be decomposed as a linear combination with
positive integral coefficients of extremal classes.
Proof of proposition 4.2. We have to show:
(P) if C ⊂ S invariant, then C ≡
∑
imiCi, with mi ∈ Z>0 and Ci extremal
in NE(S) for all i.
(P) is true for minimal toric surfaces, namely for P2 and for the Hirze-
bruch surfaces Fa (see for instance [12], page 108). We show that if pi : S → T
is an equivariant smooth blow-up, and (P) is true for T , then it is true for
S.
Again, if T ≃ P2, then S ≃ F1 and (P) holds for S; hence we can suppose
T 6≃ P2. Let E ⊂ S be the exceptional curve, p = pi(E) ∈ T , C ⊂ S an
invariant curve different from E and B = pi(C) ⊂ T . We can also assume
C2 ≥ 0, because if C2 < 0 then C is extremal and there is nothing to prove.
Suppose C · E = 0, thus C ∩ E = ∅. Since (P) is true for T , we have
B ≡
∑
i
miCi,
with mi ∈ Z>0 and Ci extremal in NE(T ) for all i. Let C˜i be the strict
transform of Ci in S: C˜i is extremal in NE(S) and
pi∗(Ci) = C˜i + εiE
with εi = 0 or 1 if respectively p 6∈ Ci or p ∈ Ci. Thus
C = pi∗(B) ≡
∑
i
mipi
∗(Ci) =
∑
i
miC˜i + (
∑
i
miεi)E
is the decomposition we were looking for.
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Now suppose C · E = 1. Let C ′ be the other invariant curve in S such
that C ′ ·E = 1, and let B′ = pi(C ′) ⊂ T .
In ΣT we have: B = V (x), B
′ = V (x′), p = V (〈x, x′〉). Let y, y′ ∈ G(ΣT )
such that 〈y, x〉 ∈ ΣT and 〈y
′, x′〉 ∈ ΣT . Then the classes of B and B
′ in
N1(T ) are respectively given by the relations:
y + x′ + ax = 0, y′ + x+ a′x′ = 0
with a = B2 = C2 + 1 ≥ 1 and a′ = (B′)2. Since T 6≃ P2, there exists in
ΣT a primitive collection of type {u,−u}: in fact, T is obtained from some
Hirzebruch surface Fa by a finite sequence of smooth equivariant blow-ups,
and all Hirzebruch surfaces Fa contain a primitive collection of type {u,−u}.
The fact that a ≥ 1 implies that the two cones 〈x, x′〉 and 〈y, x〉 cover strictly
more than a half plane in NQ: therefore the only possibility is −x ∈ G(ΣT ).
Since 〈y′, x′〉 ∈ ΣT , y
′ must lie in the cone 〈−x, x′〉, so a′ ≤ 0.
y
-x y’
x’
x
ΣT
Now we consider the element of A1(T ) given by the relation:
y + (1− a′)x′ + (a− 1)x− y′ = 0.
This class corresponds to [B] − [B′] and by lemma 1.4 it is an element of
A1(T ) ∩ NE(T ), because 1− a
′ > 0 and a− 1 ≥ 0. Thus we can apply (P)
to [B]− [B′] and get
B ≡ B′ +
∑
i
miCi,
mi ∈ Z>0, Ci extremal in NE(T ) for all i.
In S we have:
pi∗(B) = C + E, pi∗(B′) = C ′ + E, pi∗(Ci) = C˜i + εiE εi = 0, 1
hence C ≡ C ′ +
∑
i
miC˜i + (
∑
i
miεi)E.
This is the decomposition we were looking for: C ′ is extremal, because
(C ′)2 = (B′)2 − 1 = a′ − 1 < 0.
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Proof of theorem 4.1. Let H ∈ PicX be an ample line bundle and C ⊂ X
an invariant curve.
If C is contractible, there is nothing to prove. If C is not contractible,
by theorem 2.2, there exists an invariant surface S containing an invariant
curve C ′ numerically equivalent to C, such that C ′ is not extremal in NE(S).
In S we have
C ′ ≡
r∑
i=1
miCi,
with r > 1, mi ∈ Z>0, Ci ⊂ S. Thus in X
C ≡ C ′ ≡
r∑
i=1
miCi.
Now H · C =
∑r
i=1miH · Ci, so for each i we have H · Ci < H · C. If some
of the Ci are not contractible in X, we iterate the procedure; since H ·C is
a positive integer, we must end after a finite number of steps.
Question: in the same assumptions of theorem 4.1, does every class in
A1(X) ∩ NE(X) decompose as a linear combination with positive integral
coefficients of extremal classes?
Answering to this question means understanding how a contractible non-
extremal class η decomposes as a linear combination of extremal classes. The
point is that a priori the coefficients are rational and can fail to be integers,
so we don’t know whether there exists an effective class γ such that η− γ is
in NE(X).
Remark. In theorem 4.1 the hypothesis of X being projective is funda-
mental: in fact, if X is not projective, in general contractible classes can fail
to generate the cone NE(X) even over Q. As an example, consider the non-
projective toric variety Y of dimension 3 and Picard number 4, described
on page 7. We recall that there is a smooth equivariant blow-up pi : X → Y
such that X is projective. In the fan of Y there are seven primitive relations,
four of which are contractible:
γ1 : e1 + f2 = f1 + e2 (C)
ω2 : f1 + e3 = e1 + f3 (C)
ω3 : e2 + f3 = f2 + e3 (C)
γ4 : e0 + e2 = f2
ω5 : f1 + f2 + f3 = 2e0 (C)
γ6 : e0 + e1 = f1
γ7 : e0 + e3 = f3.
We are keeping the notations of page 7. The relations between these classes
are:
γ1 + ω2 + ω3 = 0, γ4 = ω3 + γ7, γ6 = γ1 + γ4, γ7 = ω2 + γ6.
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These primitive relations generate all NE(Y ), it is possible to see this look-
ing at pi∗ : NE(X) → NE(Y ) (see corollary 5.6). Anyway, the three non-
contractible primitive relations γ4, γ6 and γ7 can not be obtained as a linear
combination with positive rational coefficients of the four contractible rela-
tions.
We end this section with an application of theorem 4.1:
Proposition 4.3. Suppose that X is projective and let H ⊂ X be an ample
divisor. Let
mH = min{ (C ·H) |C curve in X}.
Then every class γ ∈ NE(X) such that H · γ = mH is extremal.
Proof. By theorem 4.1, we know that γ is contractible; in particular the
relation associated to γ is primitive:
x1 + · · ·+ xr = a1y1 + · · ·+ akyk.
Let Vi = V (xi) for i = 1, . . . , r and consider the divisor
H˜ = H −
mH
r
(V1 + · · ·+ Vr).
Since Vi · γ = 1 for all i = 1, . . . , r, we have H˜ · γ = 0. Now let B ⊂ X be
an extremal curve, having numerical class different from γ: let’s show that
H˜ ·B > 0. Since B is extremal, B ·Vi ≤ 1 for all i: we claim that it can not
be B ·Vi = 1 for all i. Indeed, in that case [B] = r(P ) with P ⊇ {x1, . . . , xr},
so P = {x1, . . . , xr} and [B] = γ. Hence there exists an index j ∈ {1, . . . , r}
such that B · Vj ≤ 0: this implies
H˜ ·B ≥ H · B −
mH
r
∑
i 6=j
Vi · B ≥ mH
(
1−
r − 1
r
)
> 0.
Corollary 4.4. Let X be projective, H ⊂ X an ample divisor and γ ∈
NE(X) such that γ ·H = 1. Then γ is an extremal class.
5. Blow-ups
Throughout this section, X and Y are smooth, complete, n-dimensional
toric varieties and pi : X → Y is a smooth equivariant blow-up. We want
to study the behaviour of contractible classes (and more generally of prim-
itive relations) under pi. We recall that any birational map between two
smooth, complete toric varieties factorizes as a sequence of smooth equiv-
ariant blow-ups and blow-downs [11, 1], hence it is natural to study what
happens through a single step.
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Let A = V (〈v1, . . . , vr〉) ⊂ Y be the center of the blow-up, E = V (v) ⊂
X the exceptional divisor and δ ∈ NE(X) the contractible class coming from
the blow-up, with relation v1 + · · ·+ vr = v.
We recall that G(ΣX) = G(ΣY )∪{v} and N1(Y ) = N1(X)/Q·δ; actually
N1(Y ) is naturally identified with the hyperplane in N1(X) given by those
relations where v does not appear. Under the projection pi∗ : N1(X) →
N1(Y ), we have NE(Y ) = pi∗(NE(X)).
We recall that when X and Y are projective, the class δ is extremal
in NE(X) and NE(Y ) is obtained projecting NE(X) from δ. Hence every
extremal ray of NE(Y ) comes from an extremal ray of NE(X). Anyway,
since NE(X) in general is not a simplicial cone, it may happen that some
extremal ray of NE(X) is projected on something non-extremal in NE(Y ).
It is natural to ask if similar properties hold for contractible classes. The
result we get is the following:
Theorem 5.1. Let CX (respectively, CY ) be the set of contractible classes
in NE(X) (respectively, NE(Y )). Then:
• pi∗ : NE(X)→ NE(Y ) is iniective on CX r {δ};
• pi∗(CX r {δ}) are all primitive relations;
• CY ⊆ pi∗(CX r {δ}).
Moreover, if ω ∈ CX r {δ} and pi∗(ω) is not contractible, then ω ·E = 1 and
there exists some i ∈ {1, . . . , r} such that ω · V (vi) = −1.
Remarks:
• in general CY $ pi∗(CX r {δ}), namely ω ∈ NE(X) contractible does
not imply pi∗(ω) contractible in NE(Y ). We can see this in dimension 2 for
extremal classes: let S be a smooth toric surface containing an invariant
curve C, not extremal, such that C2 = 0 (for instance, take the blow-up
of P1 × P1 at one point). Consider the blow-up of S at a fixed point of C.
The strict transform C˜ has self-intersection −1, hence it is extremal, but its
class projects on the class of C, which is not extremal.
• Suppose that X, Y are projective and let γ ∈ NE(Y ) and γ˜ ∈ NE(X) be
two contractible classes such that pi∗(γ˜) = γ. Then we have:
γ extremal =⇒ γ˜ extremal,
because there is always an extremal class that projects onto γ, but since there
is a unique contractible class projecting onto γ, this extremal class must be
γ˜. The converse is false in general: even if γ˜ is extremal, in NE(X) there can
be a relation aγ˜ + bδ =
∑
i λiωi, with a, b, λi ∈ Z>0 and ωi extremals. Then
aγ =
∑
i λipi∗(ωi) is not extremal. We remark that in this way, if a > 1, we
get rational coefficients.
There is a result of H. Sato that allows to compute the primitive collec-
tions of X from the ones of Y :
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Theorem 5.2 (H. Sato [14], Theorem 4.3). Let P ∈ PC(ΣY ).
a. If P ∩ {v1, . . . , vr} = ∅, then P is a primitive collection in ΣX .
b. If P ⊃ {v1, . . . , vr}, then (P r{v1, . . . , vr})∪{v} is a primitive collection
in ΣX .
c. If P ∩ {v1, . . . , vr} 6= ∅ and P 6⊃ {v1, . . . , vr}, then P is a primitive
collection in ΣX ; moreover, either (P r {v1, . . . , vr})∪ {v} is a primitive
collection in ΣX , or it contains a primitive collection Q
′ ∈ PC(ΣX) such
that Q′ = (Qr {v1, . . . , vr}) ∪ {v} for some Q ∈ PC(ΣY ).
Except {v1, . . . , vr}, all the primitive collections of ΣX are obtained in
one of these three ways.
Definition 5.3. We say that a primitive collection P is of type a, b or c
if respectively P ∩ {v1, . . . , vr} = ∅, P ⊃ {v1, . . . , vr} or P ∩ {v1, . . . , vr} =
{vi1 , . . . , vim} with 0 < m < r. Moreover, for each P we define P
′ in the
following way: P ′ = P is P is of type a; P ′ = (P r{v1, . . . , vr})∪{v} if P is
of type b or c. According to theorem 5.2, P ′ is always a primitive collection
in ΣX when P is of type a or b.
We are going to analyze, for each of these types of primitive collections,
how primitive relations change under the blow-up. Since the same P can
be a primitive collection for both ΣX and ΣY , we will denote by rX(P ) and
rY (P ) respectively the primitive relations associated to P in ΣX and ΣY .
We remark that even if these three types are clearly distinct from a
combinatorial point of view, this distinction doesn’t have a clear geometrical
meaning. The relative positions of A and the locus Z of rY (P ) can be quite
different inside each type a, b, c. For instance, when P is of type a and
rY (P ) is contractible, it can be either Z ∩ A = ∅ or Z ∩ A 6= ∅, and even
Z ⊇ A or Z ⊆ A.
Lemma 5.4. Let P ∈ PC(ΣY ) be of type a or b. Then pi∗(rX(P
′)) = rY (P ),
and rX(P
′) is contractible if and only if rY (P ) is contractible.
For primitive relations of type c, the analysis is more delicate: theo-
rem 5.2 tells us that P is a primitive collection for ΣX , and P
′ may also
be a primitive collection for ΣX . It is easy to see that that the primitive
relation of P in ΣX is the same that the one in ΣY : rX(P ) = rY (P ). But
if P ′ is primitive, the primitive relation rX(P
′) is unknown, and in general
pi∗(rX(P
′)) is not a primitive relation.
Lemma 5.5. Let P ∈ PC(ΣY ) be of type c, with associated primitive rela-
tion rY (P ):
v1 + · · · + vm + x1 + · · ·+ xh = am+1vm+1 + · · ·+ atvt + b1y1 + · · ·+ bkyk
with 1 ≤ m < r, m ≤ t ≤ r, and let Z = V (〈vm+1, . . , vt, y1, . . , yk〉) be the
locus of rY (P ). Then:
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(i) rX(P ) is contractible if and only if rY (P ) is contractible and Z∩A = ∅;
in this case, even if P ′ is primitive, pi∗(rX(P
′)) 6= rY (P );
(ii) if rY (P ) is contractible and Z∩A 6= ∅, then P
′ is a primitive collection
in ΣX , pi∗(rX(P
′)) = rY (P ) and rX(P
′) is contractible;
(iii) if P ′ is a primitive collection in ΣX and rX(P
′) is contractible, then
pi∗(rX(P
′)) = rY (P ); if moreover rX(P
′) · V (vi) 6= −1 for all i =
1, . . . , r, then rY (P ) is contractible.
The proofs of lemma 5.4 and lemma 5.5 are completely combinatorial and
we postpone them to the end of the section.
Proof of theorem 5.1. Let ω = rX(Q) ∈ NE(X) be a contractible class,
ω 6= δ. Let’s show that pi∗(ω) is a primitive relation. By theorem 5.2, either
Q = P ′ for some primitive collection P in ΣY of type a, b or c, or Q is a
primitive collection also in ΣY and has type c.
If Q = P ′ with P of type a or b, then by lemma 5.4 pi∗(ω) = rY (P ) and
rY (P ) is contractible.
If Q is a primitive collection also in ΣY and has type c, then by lemma 5.5
(i), pi∗(ω) = rY (Q) and rY (Q) is contractible.
If Q = P ′ with P of type c, then by lemma 5.5 (iii), pi∗(ω) = rY (P ) is
primitive. Moreover, if pi∗(ω) is not contractible, it must be ω · V (vi) = −1
for some i ∈ {1, . . . , r}. Since v ∈ Q, we have ω ·E = 1.
The only possible case where a primitive collection P of ΣY gives two
primitive collections P , P ′ in ΣX is when P is of type c; in this case, by
lemma 5.5, the two relations rX(P ) and rX(P
′) can not be both contractible.
Hence pi∗ is injective on CX r {δ}.
Let’s show that CY ⊆ pi∗(CX r {δ}). Let γ ∈ NE(Y ) be a contractible
class; then γ = rY (P ) for a primitive collection P in ΣY .
If P is of type a or b, then P ′ is a primitive collection in ΣX by theo-
rem 5.2. By lemma 5.4, rX(P
′) is contractible and pi∗(rX(P
′)) = rY (P ).
Suppose that P is of type c; then by theorem 5.2 P is a primitive collec-
tion in ΣX too. Let Z ⊂ Y be the locus of γ. If Z∩A = ∅, then lemma 5.5 (i)
applies, so rX(P ) is contractible and pi∗(rX(P )) = rY (P ).
If Z ∩ A 6= ∅, lemma 5.5 (ii) applies, so P ′ is a primitive collection,
rX(P
′) is contractible and pi∗(rX(P
′)) = rY (P ).
Corollary 5.6. Let Y be a complete, non-projective, smooth toric variety
such that there exists a smooth equivariant blow-up X → Y with X pro-
jective. Then every class η ∈ A1(Y ) ∩ NE(Y ) is a linear combination with
positive integral coefficients of primitive classes. In particular,
NE(Y ) =
∑
P∈PC(ΣY )
Q≥0r(P ).
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Proof. It is an immediate consequence of theorems 4.1 and 5.1.
Corollary 5.7. Let γ = rY (P ) be a contractible class in NE(Y ) and γ˜ ∈
NE(X) contractible such that pi∗(γ˜) = γ. Then we get a commutative dia-
gram:
X
pi
//
ϕγ˜

Y
ϕγ

Xγ˜
ψ
// Yγ
If ϕγ is a blow-up and P is of type a or b, then all the four morphisms are
blow-ups.
Suppose that ϕγ is a Ph−1-bundle. If P is of type a, then also ϕγ˜ is a
Ph−1-bundle; A is a Ph−1-bundle on ϕγ(A) and ψ is the blow-up of Yγ along
ϕγ(A). If P is of type b, then ϕγ˜ is a Ph−r-bundle, and ψ is a Pr−1-bundle.
Some examples with γ numerically effective:
a) let Y = PP2(O⊕O(1)), ϕγ the fibration on P
2, and let pi : X → Y be the
blow-up along the fiber of a fixed point of P2. We get:
X
pi
//
ϕγ˜

PP2(O ⊕O(1))
ϕγ

F1
ψ
// P2
b) let X = F1 × P1, Y = P2 × P1, pi the blow-up along {∗} × P1 and ϕγ the
projection on P1. We get:
F1 × P1
pi
//
ϕγ˜

P2 × P1
ϕγ

P1 × P1
ψ
// P1
c) let Y = P2×P2, pi : X → Y the blow-up at one fixed point p and ϕγ one of
the projections on P2. Let F be the P2 over ϕγ(p) in Y : F is blown-up to a
surface F1 in X, that intersect the exceptional divisor along its exceptional
curve L; γ˜ is the numerical class of the proper tranform of a line through p
in F . The morphism ϕγ˜ is birational: the exceptional locus is the surface
F1, that is contracted on L. The image Xγ˜ is singular and ψ has as a general
fiber a P2, while the fiber over p has dimension 3.
X
pi
//
ϕγ˜

P2 × P2
ϕγ

Xγ˜
ψ
// P2
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Proof of lemma 5.4. Case a: P ∩ {v1, . . , vr} = ∅. Consider the primitive
relation rY (P ):
x1 + · · · + xh = a1y1 + · · · + akyk.
We suppose first that 〈y1, . . , yk〉 6⊇ 〈v1, . . , vr〉: then 〈y1, . . , yk〉 ∈ ΣX and
rX(P ) = rY (P ).
Suppose that rX(P ) is contractible and let ν = 〈z1, . . , zs〉 ∈ ΣY such
that {z1, . . , zs} ∩ {x1, . . , xh, y1, . . , yk} = ∅ and 〈y1, . . . , yk〉 + ν ∈ ΣY . If
〈y1, . . , yk〉+ν does not contain 〈v1, . . , vr〉, then it is a cone in ΣX too, and it
is clear by the contractibility of rX(P ) that 〈x1, . . , xˇi, . . , xh, y1, . . , yk〉+ν ∈
ΣY for all i = 1, . . , h. If 〈y1, . . , yk〉 + ν contains 〈v1, . . , vr〉, then the set
{y1, . . , yk, z1, . . , zs, v} r {vj} generates a cone in ΣX for all j = 1, . . , r.
We can choose j such that vj 6∈ {y1, . . , yk}: then for the contractibility of
rX(P ) the set {x1, . . , xh, y1, . . , yk, z1, . . , zs, v}r{xi, vj} generates a cone in
ΣX for all i = 1, . . , h. Hence 〈x1, . . , xˇi, . . , xh, y1, . . , yk, z1, . . , zs〉 ∈ ΣY for
all i = 1, . . , h. So rY (P ) is contractible.
Conversely, suppose that rY (P ) is contractible and let η = 〈z1, . . , zs〉 ∈
ΣX such that {z1, . . , zs}∩{x1, . . , xh, y1, . . , yk} = ∅ and 〈y1, . . , yk〉+η ∈ ΣX .
If v 6∈ η, it is easy to see that 〈x1, . . , xˇi, . . , xh, y1, . . , yk〉 + η ∈ ΣX for all
i = 1, . . , h. If v = z1, then 〈y1, . . , yk, v1, . . , vr , z2, . . , zs〉 ∈ ΣY , so by the
contractibility of rY (P ) 〈x1, . . , xˇi, . . , xh, y1, . . , yk, v, z2, . . , zs〉 ∈ ΣX for all
i = 1, . . , h. Hence rX(P ) is contractible.
We have now to consider the case where the primitive relation rY (P ) is
x1 + · · · + xh = a1y1 + · · ·+ akyk + b1v1 + · · · + brvr.
We order the vi in such a way that b1 = · · · = bp−1 < bp ≤ bp+1 ≤ · · · ≤ br,
with p = 2, . . , r + 1. Consider the relation rY (P ) + b1δ:
x1 + · · · + xh = a1y1 + · · ·+ akyk + b1v + (bp − b1)vp + · · ·+ (br − b1)vr.
Since 〈y1, . . , yk, v1, . . , vr〉 ∈ ΣY , we have 〈y1, . . , yk, v, vp, . . , vr〉 ∈ ΣX : so
rX(P ) = rY (P ) + b1δ and pi∗(rX(P )) = rY (P ).
Suppose that rX(P ) is contractible and let ν = 〈z1, . . , zs〉 ∈ ΣY such that
{z1, . . , zs}∩{x1, . . , xh, y1, . . , yk, v1, . . , vr} = ∅ and 〈y1, . . , yk, v1, . . , vr〉+ν ∈
ΣY . Then 〈y1, . . , yk, v, vp, . . , vr〉 + ν is in ΣX and by the contractibility of
rX(P ), we get 〈x1, . . , xˇi, . . , xh, y1, . . , yk, v1, . . , vr〉 + ν ∈ ΣY for all i =
1, . . , h. So rY (P ) is contractible.
Conversely, suppose that rY (P ) is contractible and let η = 〈z1, . . , zs〉 ∈
ΣX such that {z1, . . , zs} ∩ {x1, . . , xh, y1, . . , yk, v, vp, . . , vr} = ∅ and
〈y1, . . , yk, v, vp, . . , vr〉+ η ∈ ΣX .
Then 〈y1, . . , yk, v1, . . , vr〉+η is in ΣY and the contractibility of rY (P ) implies
〈x1, . . , xˇi, . . , xh, y1, . . , yk, v, vp, . . , vr〉 + η ∈ ΣX for all i = 1, . . , h. Hence
rX(P ) is contractible.
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Case b: P ⊃ {v1, . . , vr}. Let the primitive relation rY (P ) be
v1 + · · ·+ vr + x1 + · · ·+ xh = a1y1 + · · ·+ akyk.
Clearly 〈y1, . . , yk〉 is also in ΣX and the primitive relation associated to P
′
in ΣX is v + x1 + · · · + xh = a1y1 + · · · + akyk. Thus rX(P
′) = rY (P ) − δ
and pi∗(rX(P
′)) = rY (P ).
It is easy to see that rX(P
′) is contractible if and only if rY (P ) is con-
tractible.
Proof of lemma 5.5. We recall that the primitive relation rY (P ) is
v1 + · · · + vm + x1 + · · ·+ xh = am+1vm+1 + · · ·+ atvt + b1y1 + · · ·+ bkyk
with 1 ≤ m < r, m ≤ t ≤ r.
(i) Suppose that rX(P ) is contractible, and let ν = 〈z1, . . , zs〉 ∈ ΣY such
that {z1, . . , zs} ∩ {v1, . . , vt, x1, . . , xh, y1, . . , yk} = ∅ and
〈vm+1, . . , vt, y1, . . , yk〉+ ν ∈ ΣY .
Then the cone 〈vm+1, . . , vt, y1, . . , yk〉+ν is also in ΣX , and the contractibil-
ity of rX(P ) implies that 〈v1, . . , vt, x1, . . , xˇi, . . , xh, y1, . . , yk〉 + ν ∈ ΣY for
all i = 1, . . , h and 〈v1, . . , vˇj , . . , vt, x1, . . , xh, y1, . . , yk〉 + ν ∈ ΣY for all
j = 1, . . ,m. So rY (P ) is contractible.
To show that Z∩A = ∅, we have to show that the cone 〈y1, . . , yk, v1, . . , vr〉
is not in ΣY . If this cone were in ΣY , we would get 〈y1, . . , yk, v〉 ∈ ΣX , hence
〈x1, . . , xh, v〉 ∈ ΣX which implies 〈P 〉 ∈ ΣX , a contradiction.
Conversely, let’s suppose that rY (P ) is contractible and that Z ∩A = ∅.
Hence we have 〈y1, . . , yk, v1, . . , vr〉 6∈ ΣY , that implies 〈y1, . . , yk, v〉 6∈ ΣX .
Let’s show that rX(P ) is contractible. Let η = 〈z1, . . , zs〉 be such that
{z1, . . , zs}∩{v1, . . , vt, x1, . . , xh, y1, . . , yk} = ∅ and 〈vm+1, . . , vt, y1, . . , yk〉+
η ∈ ΣX . Then v 6∈ η and by the contractibility of rY (P ) we get that the cones
〈v1, . . , vt, x1, . . , xˇi, . . , xh, y1, . . , yk〉+η, 〈x1, . . , xh, v1, . . , vˇj , . . , vt, y1, . . , yk〉+
η are in ΣX for all i = 1, . . , h and j = 1, . . ,m. Thus rX(P ) is contractible.
Finally, suppose that P ′ = {v, x1, . . , xh} is primitive. We remark that
rY (P )− δ is
v + x1 + · · ·+ xh =
(am+1 + 1)vm+1 + · · ·+ (at + 1)vt + vt+1 + · · · + vr + b1y1 + · · · + bkyk.
In general rY (P )−δ fails to be the primitive relation associated to P
′ in ΣX ,
because the cone 〈vm+1, . . , vr , y1, . . , yk〉 does not have to belong to ΣX . We
have:
pi∗(rX(P
′)) = rY (P ) ⇐⇒ rX(P
′) = rY (P ) + λδ, λ ∈ Q ⇐⇒
rX(P
′) = rY (P )− δ ⇐⇒ 〈vm+1, . . , vr, y1, . . , yk〉 ∈ ΣX .
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Under our hypotheses, since 〈v1, . . , vr , y1, . . , yk〉 6∈ ΣY and rY (P ) is con-
tractible, the cone 〈vm+1, . . , vr , y1, . . , yk〉 can not be in ΣY , neither in ΣX .
Therefore pi∗(rX(P
′)) 6= rY (P ).
(ii) Assume that rY (P ) is contractible and that Z ∩A 6= ∅, namely that
the cone 〈v1, . . , vr , y1, . . , yk〉 is in ΣY . Hence we get
〈v1, . . , vr , x1, . . , xˇi, . . , xh〉 ∈ ΣY for all i = 1, . . , h;
moreover 〈x1, . . , xh〉 ∈ ΣY . Therefore 〈x1, . . , xh〉 and 〈v, x1, . . , xˇi, . . , xh〉
are in ΣX for all i = 1, . . , h. Since 〈v, x1, . . , xh〉 6∈ ΣX , P
′ = {v, x1, . . , xh} is
a primitive collection in ΣX . Moreover 〈vm+1, . . , vr, y1, . . , yk〉 ∈ ΣX implies
that rX(P
′) = rY (P )− δ and pi∗(rX(P
′)) = rY (P ).
Let’s show that rX(P
′) is contractible: we consider η = 〈z1, . . , zs〉 ∈ ΣX
such that {z1, . . , zs} ∩ {v, vm+1, . . , vr , x1, . . , xh, y1, . . , yk} = ∅ and
〈vm+1, . . , vr, y1, . . , yk〉+ η ∈ ΣX .
Since v 6∈ η, 〈vm+1, . . , vr, y1, . . , yk〉 + η ∈ ΣY and the contractibility of
rY (P ) implies 〈v1, . . , vˇj , . . , vr, x1, . . , xh, y1, . . , yk〉 + η ∈ ΣY for all j =
1, . . ,m, and 〈v1, . . , vr , x1, . . , xˇi, . . , xh, y1, . . , yk〉+η ∈ ΣY for all i = 1, . . , h.
Hence in X we get that the cones 〈vm+1, . . , vr , x1, . . , xh, y1, . . , yk〉+ η and
〈v, vm+1, . . , vr, x1, . . , xˇi, . . , xh, y1, . . , yk〉 + η are in ΣX for all i = 1, . . , h.
So rX(P
′) is contractible.
(iii) Assume that P ′ = {v, x1, . . , xh} is primitive, and that rX(P
′) is
contractible. We have to show that rX(P
′) + δ = rY (P ). Let rX(P
′) be:
v + x1 + · · · + xh = ci1vi1 + · · ·+ cipvip + d1w1 + · · · + dlwl,
where p < r and l ≥ 0. We order the ci in such a way that ci1 ≥ · · · ≥
cis > 1 = cis+1 = · · · = cip , with s = 0, . . , p, and set {vj1 , . . , vjq} =
{v1, . . , vr}r {vi1 , . . , vip}.
Since rX(P
′) is contractible, we have 〈v,w1, . . , wl〉 ∈ ΣX , so
〈v, v1, . . , vˇj , . . , vr , w1, . . , wl〉 ∈ ΣX for all j = 1, . . , r.
Hence for all e = 1, . . , q we get 〈x1, . . , xh, v1, . . , vˇje , . . , vr〉 ∈ ΣX . This
implies that P is not contained in the set {x1, . . , xh, v1, . . , vˇje , . . , vr} for all
e = 1, . . , q, so P ⊇ {x1, . . , xh, vj1 , . . , vjq}.
On the other hand, we have the relation rX(P
′) + δ:
vj1 + · · · + vjq + x1 + · · · + xh =
(ci1 − 1)vi1 + · · ·+ (cis − 1)vis + d1w1 + · · ·+ dlwl.
Since the cone 〈vi1 , . . , vis , w1, . . , wl〉 is in ΣX , the set {x1, . . , xh, vj1 , . . , vjq}
can not generate a cone in ΣX : therefore P = {x1, . . , xh, vj1 , . . , vjq}, and P
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is the unique primitive collection of ΣY contained in {x1, . . , xh, v1, . . , vr}.
Moreover, rX(P
′) + δ = rY (P ), so pi∗(rX(P
′)) = rY (P ).
We suppose now that rX(P
′) · V (vi) 6= −1 for all i = 1, . . , r. Since
rX(P
′) = rY (P )− δ, it is
v + x1 + · · ·+ xh =
(am+1 + 1)vm+1 + · · ·+ (at + 1)vt + vt+1 + · · · + vr + b1y1 + · · · + bkyk.
Therefore rX(P
′) · V (vi) 6= −1 for all i = 1, . . , r is equivalent to t = r,
namely rY (P ) is
v1 + · · · + vm + x1 + · · ·+ xh = am+1vm+1 + · · ·+ arvr + b1y1 + · · ·+ bkyk.
We want to show that rY (P ) is contractible. Let ν = 〈z1, . . , zs〉 ∈ ΣY such
that {z1, . . , zs} ∩ {v1, . . , vr , x1, . . , xh, y1, . . , yk} = ∅ and
〈vm+1, . . , vr , y1, . . , yk〉+ ν ∈ ΣY .
Then 〈vm+1, . . , vr , y1, . . , yk〉+ν ∈ ΣX and the contractibility of rX(P
′) and
δ implies 〈v, v1, . . , vˇj , . . , vr , x1, . . , xˇi, . . , xh, y1, . . , yk〉 + ν ∈ ΣX for all j =
1, . . , r and i = 1, . . , h. Hence also 〈v1, . . , vˇj , . . , vr , x1, . . , xh, y1, . . , yk〉 + ν
is in ΣX for j = 1, . . ,m. So we get the desired cones in ΣY and rY (P ) is
contractible.
Remark: from the proofs of lemma 5.4 and 5.5 we see that:
for P of type a, rX(P
′) = rY (P ) + cδ, where c = min i |rY (P ) · V (vi)|;
for P of type b, rX(P
′) = rY (P )− δ;
for P of type c, rX(P ) = rY (P ) and if rX(P
′) is contractible, rX(P
′) =
rY (P )− δ.
References
[1] Dan Abramovich, Kenji Matsuki, and Suliman Rashid. A note on the factor-
ization theorem of toric birational maps and its toroidal extension. Tohoku
Mathematical Journal, 51:489–537, 1999.
[2] Victor V. Batyrev. On the classification of smooth projective toric varieties.
Tohoku Mathematical Journal, 43:569–585, 1991.
[3] Victor V. Batyrev. On the classification of toric Fano 4-folds. Journal of
Mathematical Sciences (New York), 94:1021–1050, 1999.
[4] Laurent Bonavero. Sur des varie´te´s toriques non projectives. Bulletin de la
Societe´ Mathematique de France, 128:407–431, 2000.
[5] Laurent Bonavero and Shigeharu Takayama. Some boundedness results for
Fano-like Moishezon manifolds. Documenta Mathematica, 5:141–150, 2000.
26
[6] Gu¨nter Ewald. Combinatorial Convexity and Algebraic Geometry, volume 168
of Graduate Texts in Mathematics. Springer-Verlag, 1996.
[7] William Fulton. Introduction to Toric Varieties. Number 131 in Annals of
Mathematics Studies. Princeton University Press, 1993.
[8] Robin Hartshorne. Algebraic Geometry. Number 52 in Graduate Texts in
Mathematics. Springer-Verlag, 1977.
[9] Steven L. Kleiman. Towards a numerical theory of ampleness. Annals of
Mathematics, 84:293–344, 1966.
[10] Ja´nos Kolla´r. Flips, flops, minimal models, etc. In Surveys in Differential
Geometry: Proceedings of the Conference on Geometry and Topology held at
Harvard University, April 27-29, 1990, volume 1, pages 113–199. American
Mathematical Society, 1991.
[11] Robert Morelli. The birational geometry of toric varieties. Journal of Algebraic
Geometry, 5:751–782, 1996.
[12] Tadao Oda. Convex Bodies and Algebraic Geometry - An Introduction to the
Theory of Toric Varieties. Springer-Verlag, 1988.
[13] Miles Reid. Decomposition of toric morphisms. In Arithmetic and Geometry,
vol. II: Geometry, number 36 in Progress in Mathematics, pages 395–418, 1983.
[14] Hiroshi Sato. Toward the classification of higher-dimensional toric Fano vari-
eties. Tohoku Mathematical Journal, 52:383–413, 2000.
27
